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In this paper, we use the following notations which N;R and
C, where N denotes the set of natural numbers, R denotes
the ﬁeld of real numbers and C also denotes the set of complex
numbers. When one talks of q-extension, q is variously consid-
ered as an indeterminate, a complex number or a p-adic
number. Throughout this paper, we will assume that q 2 C
with jqj < 1. The q-symbol ½x : q denotes as ½x : q ¼ qx1
q1 (see
[1–15]). Recently works including q-Euler polynomials andits p-adic interpolation functions have been investigated exten-
sively (for details, see [1–15]). From our investigation, we will
focus on applications of q-Euler polynomials and derive new
relations by using p-adic q-integral on Zp. Also we investigate
analytic continuation of q-Euler polynomials.
2. Properties of the q-Euler numbers and polynomials with
weight a
For a 2 NSf0g, the generating function of the weighted
q-Euler polynomials are given as: for x 2 C;P1n¼0 eEn;q
ðxjaÞ tn
n!
¼ ½2 : qP1n¼0ð1Þnqnet½nþx:qa . In the case x ¼ 0, we have
that eEn;qð0jaÞ :¼ eEn;qðaÞ are called weighted q-Euler numbers.
By the generating function of the weighted q-Euler polynomi-
als, we readily derive the following eEn;qðxjaÞ ¼ ½2:q½a:qnð1qÞnPn
l¼0
n
l
 
ð1Þl qalx
1þqalþ1, where
n
l
 
is the binomial coefﬁcient.
By the generating function of the weighted q-Euler polynomi-
2 S. Araci et al.als, we see that eEn;qðxjaÞ ¼ qaxðqax eEqðaÞ þ ½x : qaÞn (see [24]).
Let eHðaÞq ðx; tÞ be the generating function of weighted q-Euler
polynomials as follows: eHðaÞq ðx; tÞ ¼P1n¼0 eEn;qðxjaÞ tnn!. Then,
we easily notice that eHðaÞq ðx; tÞ ¼ ½2 : qP1n¼0ð1Þnqnet½nþx:qa .
From this, we procure the followings: for k (=even) and
n; a 2 NSf0g, we have eEn;qðaÞ  qk eEn;qðkjaÞ ¼ ½2 : qPk1
l¼0 ð1Þlql½l : qan. For k (=odd) and n; a 2 N
Sf0g, we have
qk eEn;qðkjaÞ þ eEn;qðaÞ ¼ ½2 : qPk1l¼0 ð1Þlql½l : qan. By the gen-
erating function of the weighted q-Euler polynomials, we easily
obtain the following:
eEn;qðxjaÞ ¼ qaxXn
k¼0
n
k
 
qakx eEk;qðaÞ½x : qank:
So, we state the following two theorems.
Theorem 1. Let k be even positive integer. Then we have
½2 : q
Xk1
l¼0
ð1Þlql½l : qan¼ð1qkð1aþanÞÞ eEn;qðaÞ
qkð1aÞ
Xn1
l¼0
n
l
 
qalk eEl;qðaÞ½k : qanl: ð2:1Þ
Theorem 2. Let k be an odd positive integer. Then, we procure
the following
½2 : q
Xk1
l¼0
ð1Þlql½l : qan¼ðqkð1aþanÞ þ1Þ eEn;qðaÞ
þqkð1aÞ
Xn1
l¼0
n
l
 
qalk eEl;qðaÞ½k : qanl:ð2:2Þ3. q-Euler-Zeta function with weight a
The Euler polynomials are deﬁned by
2
et þ 1 e
xt ¼
X1
n¼0
EnðxÞ t
n
n!
; jtj < p: ð3:1Þ
For s 2 C; x 2 R with 0 6 x < 1, Euler-Zeta function is
given by
fEðs; xÞ ¼ 2
X1
m¼0
ð1Þm
ðmþ xÞs ; cf: ½2; ½3; ½4; ½7; ½24; ½25: ð3:2Þ
By expressions (3.1) and (3.2), we have fEðn; xÞ ¼ EnðxÞ.
Now we give the deﬁnition of the weighted q-Euler Hurwitz-
Zeta type function is deﬁned by ~fE;qðs; xjaÞ ¼ ½2 : qP1
m¼0
ð1Þmqm
½mþx:qa s. The weighted q-Euler-Zeta function is also given
by ~fE;qðsjaÞ ¼ ½2 : q
P1
m¼1
ð1Þmqm
½m:qa s . For n; a 2 N
Sf0g, we have
~fE;qðnjaÞ ¼ eEn;qðaÞ(see [24]). We now consider the functioneEqðn : aÞ as the analytic continuation of weighted q-Euler
numbers. All the weighted q-Euler numbers agree witheEqðn : aÞ, the analytic continuation of weighted q-Euler
numbers evaluated at n. For nP 0, eEqðn : aÞ ¼ eEn;qðaÞ. Now
also we can state eE0 qðs : aÞ in terms of ~f0E;qðsjaÞ, the derivative
of ~fE;qðs : aÞeEqðs : aÞ ¼ ~fE;qðsjaÞ; eE0 qðs : aÞ ¼ ~f0E;qðsjaÞ:
For n; a 2 NSf0g, eE0 qð2n : aÞ ¼ ~f0E;qð2njaÞ. This is suit-
able for the differential of the functional equation and so sup-
ports the coherence of eEqðs : aÞ and eEqðs : aÞ with eEn;qðaÞ and
~fE;qðsjaÞ. From the analytic continuation of weighted q-Euler
numbers, we derive eEqðs : aÞ ¼ ~fE;qðsjaÞ and eEqðs : aÞ ¼
~fE;qðsjaÞ. Moreover, we derive eEn;qðaÞ ¼ eEqðn : aÞ
¼ ~fE;qðnjaÞ for n 2 N. The curve eEqðs : aÞ runs through the
points eEs;qðaÞ and grows  n asymptotically ðnÞ ! 1.
The curve eEqðs : aÞ runs through the point eEqðn : aÞ.
Then, we procure limn!1 eEqðn : aÞ ¼ limn!1~fE;qðnjaÞ
¼ q2½2 : q1. From this, we note that eEqðn : aÞ ¼ ~fE;qðnjaÞ
# eEqðs : aÞ ¼ ~fE;qðsjaÞ.
Remark 1. In [3], the q-Euler polynomials were ﬁrstly deﬁned
by Kim as follows:
fE;qðsÞ ¼ ½2 : q
X1
m¼1
ð1Þmqm
½m : qs :
It is clear that q-Euler polynomials was already deﬁned, with-
out ‘‘weighted’’, by Kim. Our weighted q-Zeta function seems
slightly different of Kim’s q-Zeta funtions, that is, as a! 1,
our weighted zeta functions implies Kim’s q-Euler zeta func-
tion as lima!1~fE;qðsjaÞ ¼ fE;qðsÞ.
NOTATIONS: Assume that p be a ﬁxed odd prime number.
Throughout this paper we use the following notations. By Zp
we denote the ring of p-adic rational integers, Q denotes the
ﬁeld of rational numbers, Qp denotes the ﬁeld of p-adic
rational numbers, and Cp denotes the completion of algebraic
closure of Qp. Let N be the set of natural numbers and
N ¼ N [ f0g. The p-adic absolute value is deﬁned by
jpjp ¼ 1p. In this paper we assume jq 1jp < 1 as an indetermi-
nate. Let UDðZpÞbe the space of uniformly differentiable
functions on Zp. For a positive integer d with ðd; pÞ ¼ 1,
set X ¼ Xd ¼ lim n Z=dp
nZ;X ¼ [0<a<dp
ða;pÞ¼1
aþ dpZp and
aþ dpnZp ¼ fx 2 Xjx  aðmod dpnÞg, where a 2 Z satisﬁes
the condition 0 6 a < dpn. Kim introduced ðqÞ-analogue of
Haar distribution as lqðaþ pnZpÞ ¼ ðqÞ
a
½pn q, by this distribution
and for f 2 UDðZpÞ, he deﬁned the fermionic p-adic q-integral
on Zp as follows:
IqðfÞ¼
Z
Zp
fðgÞdlqðgÞ¼ lim
n!1
1
½pn :q
Xpn1
g¼0
qgfðgÞð1Þg ðsee ½7Þ:
ð3:3Þ
Let v be the Dirichlet’s character with conductor d (=
odd)2 N and let us take fðgÞ ¼ vðgÞ½xþ g : qan, then we deﬁne
Dirichlet’s type of q-Euler numbers and polynomials with
weight a as follows:
eE vn;qðxjaÞ ¼
Z
Zp
vðgÞ½xþ g : qandlqðgÞ: ð3:4Þ
On the families of q-Euler polynomials and their applicationsFrom (3.3), we have the following well-known equality.
qd
Z
Zp
fðgþ dÞdlqðgÞ þ ð1Þd1
Z
Zp
fðgÞdlqðgÞ
¼ ½2 : q
Xd1
l¼0
qlð1Þd1lfðlÞ: ð3:5Þ
By expressions of (3.4) and (3.5), for dð¼ oddÞ positive
integer, we have the following
eE vn;qðxjaÞ ¼ ½2 : q½a : qnð1 qÞn
Xn
j¼0
n
j
 
ð1Þjqajx
Xd1
l¼0
vðlÞqlð1Þl
 q
ajl
qðajþ1Þd þ 1 : ð3:6Þ
Substituting x ¼ 0 in (3.6), eE vn;qð0jaÞ :¼ eE vn;qðaÞ are called
Dirichlet type of q-Euler numbers with weight a. That is, we
easily derive the following
eE vn;qðaÞ ¼ ½2 : qð1 qaÞn
Xn
j¼0
n
j
 
ð1Þj
Xd1
l¼0
vðlÞð1Þl q
ðajþ1Þl
qðajþ1Þd þ 1 :
ð3:7Þ
Theorem 3. Let v be Dirichlet’s character and for any n 2 N.
Then we have eE vn;qðxjaÞ ¼Pnk¼0 nk
 
qakxeE vk;qðaÞ½x : qank.
Proof. By using (3.4) and (3.7), it is easy to prove theorem. So
we omit it. h
Theorem 4. The identity eE vn;qðdxjaÞ ¼ ½d:qa ½d:qPd1a¼0
ð1ÞavðaÞqa eEn;qdðxþ ad jaÞ holds true.
Proof. To prove this, we compute as follows:
¼ lim
n!1
1
½dpn :q
Xdpn1
y¼0
ðqÞyvðyÞ½xþy : qan
¼ ½d : q
a
½d :q
Xd1
a¼0
ðqÞavðaÞ lim
n!1
1
½pn :qd
Xpn1
y¼0
ðqÞdy xþa
d
þy : qda
h in
¼ ½d : q
a
½d :q
Xd1
a¼0
ðqÞavðaÞ eEn;qd xþa
d
ja
 
:
So, we get the desired result and proof is complete. h
By (3.6), we procure
P1
n¼0eE vn;qðxjaÞ tnn! ¼ ½2 : qP1m¼0qmvðmÞ
ð1Þmet½xþm:qa . By applying derivative operator of order k
as d
k
dtk
jt¼0, we have eE vk;qðxjaÞ ¼ ½2 : qP1m¼0qmvðmÞð1Þm
½xþm : qak. That is, we can deﬁne Dirichlet q-L-function as
follows:
Lvqðs; xjaÞ ¼ ½2 : q
X1
m¼0
qmvðmÞð1Þm
½xþm : qas : ð3:8Þ
Lemma 1. The equality Lvqðk; xjaÞ ¼ eE vk;qðxjaÞ holds true.
Proof. Substituting s ¼ k into (3.8), we arrive at the desired
result. h
Now also, we deﬁne partial Dirichlet type zeta function as
follows:Hvqðs : x : a : FjaÞ ¼ ½2 : q
X1
maðmod FÞ
qmvðmÞð1Þm
½xþm : qas : ð3:9Þ
Now, for interpolating partial Dirichlet type zeta function,
we rewrite it in terms of weighted q-Euler Hurwitz-Zeta func-
tion as follows.
Theorem 5. For F  1ðmod 2Þ, the equality
Hvqðs : x : a : FjaÞ ¼
½2 : qqað1ÞavðaÞ
½F : qas
~fE;qF s;
xþ a
F
ja
 
holds.
If we put s ¼ n into Theorem 5, then, we can write partial
Dirichlet type Zeta function in terms of weighted q-Euler
numbers
Hvqðn : x : a : FjaÞ ¼ ½2 : qqað1ÞavðaÞ½F : qan eEn;qF xþ aF ja
 
:
ð3:10ÞTheorem 6. The following identity
Hvqðs : x : a : FjaÞ ¼
½2 : qqað1ÞavðaÞ
½xþ a : qas
X1
k¼0
qakðxþaÞ
s
k
 
 ½F : q
a
½xþ a : qa
 k eEk;qF ð3:11Þ
holds true.
Proof. Taking n ¼ s into (3.10) and some manipulation by
using combinatorial techniques, we can reach to the proof of
the theorem. h
If we substitute s ¼ n into (3.11), then, (3.11) reduces to
(3.10). Now also, we give the following theorem.
Theorem 7. Let d  1ðmod 2Þ, then, we have
Lvqðs; xjaÞ ¼
½2 : q
½2 : qd½d : qas
Xd1
l¼0
ð1ÞlvðlÞql~fE;qd s;
xþ l
d
ja
 
:
By means of the above theorem and Theorem 5, we have
the following corollary.
Corollary 1. The equality
Lvqðs; xjaÞ ¼ 1½2:qd 
Pd1
l¼0H
v
qðs : x : l : djaÞ holds true.
By (3.11) and Corollary 1, we have the following corollary.
Corollary 2. The following nice identityLvqðs; xjaÞ ¼
½2 : q
½2 : qd
Xd1
l¼0
ð1ÞlvðlÞ
½xþ l : qas
X1
k¼0
qakðxþlÞþl
s
k
  eEk;qF
 ½F : q
a
½xþ l : qa
 k
holds true.
By using (3.10) and Corollary 1, we derive behavior of the
Dirichlet type of q-Euler L-function with weight a at s ¼ 0 as
follows:
4 S. Araci et al.Theorem 8. The following identity holds true:
Lvqð0; xjaÞ ¼
½2 : q
½2 : qd
Xd1
l¼0
ð1ÞlvðlÞql:
Now also, we deﬁne Dirichlet type q-Euler polynomials
with weight a and b with the following expression
eE vn;qðxja : bÞ ¼
Z
Zp
½xþ g : qanvðgÞdlqbðgÞ: ð3:12Þ
Taking x ¼ 0 into (3.12), we have eE vn;qð0ja : bÞ :¼ eE vn;qða : bÞ
which is called Dirichlet type q-Euler numbers. Then, by
(3.12), we easily derive the following
eE vn;qðxja : bÞ ¼Xn
l¼0
n
l
 
qalxeE vl;qða : bÞ½x : qanl: ð3:13ÞTheorem 9. The following equality holds true:
eE vn;qðxja : bÞ ¼Xn
l¼0
n
l
 eE vl;qða : bÞXl
j¼0
l
j
 
 ðqa  1Þjðn lþ jÞ!ð1Þnlþj

X1
m;n¼0
n lþ jþm 1
m
 
anqam
 ðlog qÞnSðn; n lþ jÞx
n
n!
:
Proof. To prove this, by applying (3.13), we easily discover the
following assertion
eE vn;qðxja : bÞ ¼Xn
l¼0
n
l
 eE vl;qða : bÞXl
j¼0
l
j
 
ðqa  1Þj½x : qanlþj:
In [7], the second kind Stirling numbers are deﬁned by means
of
P1
n¼0Sðn; kÞ t
n
n!
¼ ðet1Þk
k!
. Here with replacing t by ax log q,
then we derive the following
½x : qak ¼ k!ð1Þk
X1
m;n¼0
kþm 1
m
 
anqamðlog qÞnSðn; kÞx
n
n!
;
ð3:14Þ
where
P1
m;n¼0 ¼
P1
m¼0
P1
n¼0. Thus, by (3.14), we get the desired
result and proof is complete. h
By (3.3) and (3.12), we derive the multiplication formula for
Dirichlet type q-Euler polynomials with weight a and b.
Theorem 10. The following equality
eE vn;qðxja : bÞ ¼ ½d : qan½d : qb
Xd1
a¼0
ðqÞavðaÞ eEn;qd xþ ad ja : b
 
holds true.4. On p-adic Dirichlet type of q-Euler measure with weight a
and b
Now, we introduce a map lða;bÞk;q ðaþ pnZpÞ on the balls in Zp as
follows: for fagn  aðmod pnÞlða;bÞk;q ðaþpnZpjvÞ¼
½pn : qak
½pn :qbvðaÞð1Þ
a
qafk;pn
fagn
pn
ja :b
 
ð4:1Þ
Theorem 11. Let a; k 2 N. Then we specify that lða;bÞk;q is p-adic
measure on Zp if and only iffk;qpn
a
pn
ja : b
 
¼ ½p
n : qpak
½pn : qpb
Xp1
b¼0
ð1Þbqbpn fk;ðqpn Þp
a
pn
þ b
p
ja : b
 
:
Proof. By similar method in 21], we can state the proof of this
theorem. Therefore, we omit it. h
We now set as fk;qpn
a
pn
ja : b
 
¼ eEn;qpn apn ja : b . From (4.1),
we easily see
lða;bÞk;q ðaþ pnZpjvÞ ¼
½pn : qak
½pn : qb vðaÞð1Þ
a
qa eEk;qpn apn ja : b
 
:
ð4:2Þ
We used the same method as in [21] to prove the following
theorems. So we omitted their proofs.
Theorem 12. For a; k 2 N, we have
Z
X
dlða;bÞk;q ðxjvÞ ¼ eE vk;qða : bÞ:
Theorem 13. For any k 2 N, we get
Z
pX
dlða;bÞk;q ðxjvÞ ¼ vðpÞ
½p : qa
½p : qb
eE vk;qp ða : bÞ:
Theorem 14. For cð–1Þ 2 X , we have
Z
pX
dlða;bÞ
k;q
1
c
ðcxjvÞ ¼ v p
c
  p : qac½ 
p : ðqbÞ1c
h i eE v
k;q
p
c
ða : bÞ:
Theorem 15. For cð–1Þ 2 X , we have
Z
X
dlða;bÞ
k;q
1
c
ðcxjvÞ ¼ v 1
c
 eE v
k;q
1
c
ða : bÞ:
Now we can deﬁne the identity
lða;bÞk;c;qðUjvÞ ¼ lða;bÞk;q ðUjvÞ  c1
½c1 : qak
½c1 : qb l
ða;bÞ
k;q
1
c
ðcUjvÞ:
Here U is any compact open subset of Zp, it can be written
as a ﬁnite disjoint union of sets U ¼ [kj¼1ðaj þ pnZpÞ, where
n 2 N and a1; a2; . . . ; ak 2 Z with 0 6 ai < pn for i ¼ 1; 2; . . . ; k.
Theorem 16. For cð–1Þ 2 X, we procure the following
Z
X
dlða;bÞk;c;qðcxjvÞ ¼ ð1 vpÞð1 c1vc
1ÞeE vk;qða : bÞ
where the operator vy :¼ vy;k;a;q on fðqÞ is deﬁned by
vyfðqÞ ¼ vy;k;a;qfðqÞ ¼ ½y:qa ½y:qb  vðyÞfðqyÞ. That is, we can write
vx;k;a;q  vy;k;a;qfðqÞ ¼ vxy;k;a;qfðqÞ ¼ vxyfðqÞ.
On the families of q-Euler polynomials and their applicationsProof. By similar method in [21], we can state the proof of this
theorem. Therefore, we omit it. h5. Analytic continuation of q-Euler polynomials with weight a
The concept of analytic continuation just means enlarging the
domain without giving up the property of being differentiable,
i.e. holomorphic or meromorphic. So we are ready to state
analytic continuation of q-Euler polynomials with weight a
as follows. For coherence with the redeﬁnition of
eEn;qðaÞ ¼ eEqðn : aÞ, we have eEn;qðxjaÞ ¼ qaxPnk¼0 nk
 
qakx eEk;qðaÞ½x : qank. Let CðsÞ be Euler-gamma function. Then
the analytic continuation can be get as
n#s2R;x#w2C;eEn;qðaÞ # eEqðkþ s½s : aÞ¼~fE;qððkþ s½sÞjaÞ;
n
k
 
¼ Cðnþ1Þ
Cðnkþ1ÞCðkþ1Þ#
Cðsþ1Þ
Cð1þkþðs½sÞÞCð1þ½skÞ
eEs;qðwjaÞ # eEqðs;w : aÞ¼ qawX½s
k¼1
Cðsþ1Þ eEqðkþðs½sÞ : aÞqawðkþðs½sÞÞ
Cð1þkþðs½sÞÞCð1þ½skÞ ½w : q
a½sk
¼ qaw
X½sþ1
k¼0
Cðsþ1Þ eEqð1þkþðs½sÞ : aÞqawðk1þðs½sÞÞ
Cðkþðs½sÞÞCð2þ½skÞ ½w : q
a½sþ1k:
Here ½s gives the integer part of s, and so s ½s gives the
fractional part. Deformation of the curve eEqð1;w : aÞ into
the curve of eEqð2;w : aÞ is by means of the real analytic cotin-
uation eEqðs;w : aÞ; 1 6 s 6 2;0:5 6 w 6 0:5.
Remark 2. Recently, many mathematicians have studied on
the new generalizations of q-Euler and q-Bernoulli numbers
and polynomials (see [1–26]). By using p-adic q-integral on Zp,
T. Kim originally deﬁned the weighted q-Bernoulli numbers
and polynomials and gave some new identities (see [5]).Acknowledgement
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